The main aim of the paper is Fredholm properties of a class of bounded linear operators acting on weighted Lebesgue spaces on an infinite metric graph Γ which is periodic with respect to the action of the group Z n . The operators under consideration are distinguished by their local behavior: they act as (Fourier) pseudodifferential operators in the class OP S 0 on every open edge of the graph, and they can be represented as a matrix Mellin pseudodifferential operator on a neighborhood of every vertex of Γ. We apply these results to study the Fredholm property of a class of singular integral operators and of certain locally compact operators on graphs.
Introduction
Schrödinger operators on combinatorial and quantum graphs have attracted a lot of attention in the last time due to their interesting properties and existing and expected applications in nano-structures (see, for instance, [2, 4, 6, 7, 8] and the references cited there). The present paper is devoted to a quite general class of bounded linear operators acting on weighted Lebesgue spaces on an infinite metric graph Γ which is periodic with respect to the action of the group Z n . Our main emphasis is on Fredholm properties of these operators.
More precisely, the operators under consideration are distinguished by their local behavior: they act as (Fourier) pseudodifferential operators in the class OP S
0 on every open edge of the graph, and they can be represented as a matrix Mellin pseudodifferential operator on a neighborhood of every vertex of Γ. The appearance of Mellin convolution operators in this context is quite natural: near a vertex of the graph, a pseudodifferential operator can be written as a sum of a singular integral operator on a system of rays and a locally compact operator, and every operator of this form corresponds to a matrix Mellin convolution or, more general, a matrix Mellin pseudodifferential operator (see, for instance, Chap. 4 in [16] , Chap. 4.6 in [13] , [14] and references cited there). Mellin convolution operators were used in [10] to study pseudodifferential operators on finite graphs.
When studying Fredholm properties of general (non-periodic) operators, the most challenging part is to understand their local invertibility at infinity. For this goal, we use the limit operators method (see [13] for an overview) which will allow us to reduce the local invertibility at infinity to the invertibility of every single operator in a family of periodic operators, the so-called limit operators. The limit operators method already proved to be a very effective tool for the investigation of essential spectra of operators on combinatorial periodic graphs in [11, 12] and of essential spectra of Schrödinger, Dirac and Klein-Gordon operators on R n in [15] .
The paper is organized as follows. In Section 2 we recall some auxiliary material concerning Wiener algebras on Z n , (Fourier) pseudodifferential operators on R, and matrix Mellin pseudodifferential operators on R + = [0, ∞). In Section 3 we introduce a class of pseudodifferential operators on a periodic graph and establish necessary and sufficient conditions for their Fredholmness. Our basic tool to study the Fredholm property is Simonenko's local principle (see [18] and Section 2.5 in [16] ). The limit operators method can be used to relate the local invertibility at infinity to the invertibility of periodic operators, to which then a version of Floquet theory can be applied. In Section 4 we consider two applications:
(i) the Fredholm property of singular integral operators A = aI + bS Γ,φ on a periodic graph Γ ⊂ R 2 , where a, b are certain bounded slowly oscillating and piecewise continuous functions with discontinuities only at the vertices of Γ, and where S Γ,φ is the singular integral operator (S Γ,φ u)(x) = 1 πi Γ φ(x, x − y)u(y) y − x dy, x ∈ Γ, with φ ∈ C ∞ (Γ × R 2 ) a function the decaying behavior of which will be specified below;
(ii) the Fredholm property of integral operators A = aI + bT on a periodic graph Γ ⊂ R 2 where a, b are bounded, uniformly continuous and slowly oscillating functions on Γ and T is an integral operator of the form
where k : R 2 → C is a continuous function with the property that there are positive constants C and ε such that
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2 Auxiliary material 2.1 Wiener algebras on Z n Given a complex Banach space X, let B(X) denote the Banach algebra of all bounded linear operators on X and K(X) the closed ideal of B(X) of all compact operators. For A ∈ B(X), we write sp X A for the spectrum and ess sp X A for the essential spectrum of A, i.e., for the set of all λ ∈ C such that the operator A−λI is not Fredholm on X. Further we let l p (Z n , X) stand for the Banach space of all functions u : Z n → X with
On l p (Z n , X), we consider operators of the form
where a α ∈ l ∞ (Z n , B(X)) and τ α is the operator of shift by α ∈ Z n ,
We say that the operator A in (1) belongs to the Wiener algebra W (Z n , X) if
It is well known that W (Z n , X) ⊂ B(l p (Z n , X)) for every p ∈ [1, ∞] and that sp l p (Z n ,X) A does not depend on p if A belongs to W (Z n , X). Finally, we denote the operator of multiplication by a function f by f I and let H stand for the set of all sequences h : N → Z n which tend to infinity in the sense that, for every R > 0 there is an m 0 such that |h(m)| > R for all m ≥ m 0 .
). An operator A h ∈ B(l p (Z n , X)) is called the limit operator of A defined by the sequence h ∈ H if, for every function ϕ on Z n with finite support,
and lim
We denote the set of all limit operators of A by Lim(A).
We say that an operator A ∈ B(l p (Z n , X)) is rich if every sequence h ∈ H has a subsequence g such that the limit operator A g of A with respect to g exists. For r > 0, let χ r denote the characteristic function of the set {x ∈ Z n : |z| > r}.
Definition 2
The operator A ∈ B(l p (Z n , X)) is called locally invertible at infinity if there exist an r > 0 and operators L r , R r ∈ B(l p (Z n , X)) such that L r Aχ r I = χ r I and χ r AR r = χ r I.
The following is Theorem 2.5.7 in [13] .
Proposition 3 Let A ∈ W (Z n , X) be a rich operator. Then A is locally invertible at infinity on l p (Z n , X) for some p ∈ (1, ∞) if and only every limit operator A h of A is invertible on one of the spaces l p (Z n , X) with p ∈ [1, ∞].
Pseudodifferential operators on R
The theory of pseudodifferential operators is developed in several textbooks, e.g. [17, 19] . Here we only fix the notation and collect some facts for later reference. For proofs of Propositions 4 and 5 see [20] and Chapter 3 of [19] , respectively. Let ξ := (1 + |ξ| 2 ) 1/2 . We say that a is a symbol in the class S m if a ∈ C ∞ (R × R) and
To each symbol a, we correspond a (Fourier) pseudodifferential operator (ψdo for short) Op(a) which acts on u ∈ C ∞ 0 (R) by
whereû stands for the Fourier transform of u. By OP S 0 we denote the class of all ψdos with symbol in S 0 . We will need the following properties of ψdos.
with a constant C independent of a.
(b) Let a 1 ∈ S m 1 and a 2 ∈ S m 2 . Then Op(a 1 )Op(a 2 ) = Op(c) with c ∈ S m 1 +m 2 and a 1 a 2 − c ∈ S m 1 +m 2 −1 .
We say that an operator A ∈ B(L p (R)) is locally Fredholm at x 0 ∈ R if there are an open neighborhood U of x 0 and operators
Proposition 5 Let a ∈ S 0 . Then Op(a) is locally Fredholm at x 0 ∈ R if and only if Op(a) is elliptic at x 0 , that is if lim inf ξ→∞ |a(x 0 , ξ)| > 0.
Mellin pseudodifferential operators on R +
Set R + := (0, ∞). We say that a matrix function a = (a ij ) n i,j=1 : R + × R → C n×n belongs to E(n) if every entry a ij is in C ∞ (R + × R) and
for all l 1 , l 2 ∈ N 0 . Let a ∈ E(n). Then the operator
acting on u ∈ C ∞ 0 (R + , C n ) is called the Mellin pseudodifferential operator (Mellin ψdo for short) with symbol a ∈ E(n). The class of all Mellin ψdos with symbol in E(n) is denoted by OP E(n).
A function a ∈ E(n) is said to be slowly oscillating at the point 0 if
for all α ∈ N 0 and β ∈ N. We let E sl (n) denote the set of all functions which are slowly oscillating at 0 and write E 0 (n) for the set of all functions a ∈ E(n) which satisfy (4) for all α, β ∈ N 0 . The corresponding classes of Mellin ψdos are denoted by OP E sl (n) and OP E 0 (n), respectively. Mellin ψdos are pseudodifferential operators on the multiplicative group R + with respect to the invariant measure dµ = dr r . They can be obtained from (Fourier) ψdos on R by the change of variables R ∋ x → r = e −x ∈ R + , which transforms the point +∞ to the point 0. Consequently, the main properties of Mellin ψdos follow immediately from the corresponding properties of (Fourier) ψdos on R.
Let L p (R + , dµ, C n ) denote the space of all measurable functions u :
The following results can be found in [15] .
(b) Let a ∈ E(n) and consider the operator op(a) as acting on
Here op(a) * stands for the adjoint operator and a * for the adjoint matrix function. The integrals in (6) and (7) are understood as oscillatory integrals.
In what follows, we will consider Mellin ψdos on the weighted Lebesgue spaces L p (R + , w, dµ) of all measurable functions with norm
where the weight w is of the form w = exp σ with a function σ which satisfies the conditions
σ(r) = 0 and sup
for every k ∈ N. Moreover we assume that there is an interval I = (c, d) which contains 0 such that the function κ σ (r) := rσ ′ (r) satisfies
We let R(I) denote the collection of all weights w such that (8) and (9) hold. By E(n, I) we denote the set of all symbols a ∈ E(n) such that the function a(·, λ) can be analytically extended with respect to λ into the strip Π := {λ ∈ C : I(λ) ∈ I} and this continuation satisfies
The corresponding class of Mellin ψdos with analytical symbol is denoted by OP E(n, I).
Proposition 9
Let a ∈ E(n, I), w ∈ R(I) and p ∈ (1, ∞). Then the operator op(a) is bounded on L p (R + , w, dµ), and
Proposition 10 Let a ∈ E sl (n, I) and w = exp σ ∈ R(I). Then wop(a)w
where q ∈ E 0 (n).
Now we turn to local invertibility properties of Mellin pseudodifferential operators. We say that an operator A ∈ B(L p (R + , w, dµ, C n )) is locally invertible at the point 0, if there are an r > 0 and operators L r and R r such that L r Aχ r I = χ r I and χ r AR r = χ r I where χ r refers to the characteristic function of the interval [0, r].
Proposition 11 Let a ∈ E sl (n, I), w = exp σ ∈ R(I), and consider op(a) as acting on L p (R + , w, dµ, C n ). Then op(a) is locally invertible at the point 0 if and only if lim inf
3 Operators on periodic graphs
Periodic graphs
By a directed (combinatorial) graph (or digraph for short) we mean a pair Γ comb = (V, E) consisting of a countably infinite set V of vertices and a set E ⊆ V × V of edges. We think of e = (v, w) ∈ E as the oriented edge which starts at v and ends at w. We only consider digraphs without loops and without multiple edges, i.e., E does not contain pairs of the form (v, v), and if (v, w) ∈ E, then (w, v) / ∈ E. Given a digraph, there is a related undirected (combinatorial) graph, which arises by ignoring the orientation. Formally, the undirected graph related with Γ comb is the pair (V, E ud ) where E ud is the set of all subsets of V consisting of two elements v, w such that (v, w) ∈ E. We say that e = {v, w} connects the vertices v and w and call v and w the endpoints of the edge e. For v ∈ V, let E v denote the set of all edges which have v as one of its endpoints. We assume that the valency val(v) of any vertex v is finite and positive. In particular, vertices without incident edges are not allowed.
An n-tuple p = (v i ) n l=0 of vertices is called a path in (V, E ud ) if {v i , v i+1 } ∈ E ud for every i = 0, . . . , n − 1. In this case, we call p a path joining v 0 with v n . An undirected graph is connected if any two of its vertices are connected by a path, and a digraph is connected if the related undirected graph is connected (thus, connectedness is defined independently of orientation).
A function l : E → (0, ∞) is called a length function, and l(e) is called the length of the edge e. Each triple Γ metr = (V, E, l) determines a metric graph by identifying the edge e with the line segment [0, l(e)]. The formal definition is as follows (the construction we use is quite similar to the definition in [9] ). Let
and consider the function
Two points (e, x), (f, y) ∈ Γ ∼ metr are said to be equivalent if Π ∼ (e, x) and
This defines an equivalence relation on Γ ∼ metr which we denote by ∼. The equivalence class of (e, x) with respect to ∼ is denoted by (e, x) ∼ . Clearly, the equivalence class of each point (e, x) with x = 0 and x = l(e) is a singleton, whereas points (e, x) with x = 0 or x = l(e) are identified if they belong to the "same" vertex of Γ comb .
The set Γ metr := Γ ∼ metr / ∼ of all equivalence classes is called the metric graph associated with (V, E, l). Since Π ∼ (e, x) only depends on the equivalence class of (e, x), we can define the quotient map
The elements of Π −1 (V) and Π −1 (E) are called the vertices and the open edges of Γ metr , whereas the unions Π −1 (v ∪ (v, w) ∪ w) for an edge e = (v, w) ∈ E are called the closed edges of Γ metr . Thus, a closed edge is the union of an open edge with its end points.
There is a natural topology on a metric graph which is defined as follows. Provide E with the discrete topology and [0, ∞) with the standard (Euclidean) topology and consider on Γ ∼ metr the restriction of the product topology on E × [0, ∞). Then the topology on the metric graph Γ metr is the quotient of the topology on Γ ∼ metr by the relation ∼. Moreover, this topology is induced by a metric (whence the notion metric graph). Given an edge e = (v, w) ∈ E and a point (e, x) ∼ ∈ Γ metr with x = 0 and x = l(e), we call [v, x] := {(e, y) : 0 ≤ y ≤ x} and [x, w] := {(e, y) : x ≤ y ≤ l(e)} the segments joining (e, x) with the end points of the edge e. With the segments [v, x] and [x, w] we associate the lengths x and l(e) − x, respectively.
Let (e, x)
∼ , (f, y) ∼ ∈ Γ metr . By a path between (e, x) ∼ and (f, y) ∼ we mean an n-tuple p = (v i ) n l=0 of vertices in V such that v 0 is an endpoint of the edge e and v n is an endpoint of f and v 0 and v n are connected by a path in Γ comb as above. The length of this path is defined as the sum of the lengths of the segments joining (e,
∼ and (e, y) ∼ . The distance of (e, x) ∼ and (f, y)
∼ is then the infimum of the lengths of all paths joining these points. Note that the distance of any two different points is positive since every vertex has finite valency.
Since the edges of Γ comb and the open (resp. closed) edges of Γ metr are in a one-to-one correspondence, we often use the same notation e both for an edge in E and for the corresponding open (resp. closed) edge of Γ metr . Moreover, we identify the open (resp. closed) edge of Γ metr which corresponds to e ∈ E with the open (resp. closed) interval (0, l(e)) (resp. [0, l(e)]). Accordingly, we usually identify the point (e, x)
∼ with x and write x ∈ e in order to indicate that x is considered as a point of the metric graph. Finally, we provide Γ metr by the measure which is induced by the one-dimensional Lebesgue measure on each edge.
In what follows, we let Γ = (V, E, l) be a metric graph which is periodic with respect to Z n (or Z n -periodic for short) in the following sense: The group Z n acts freely on Γ, i.e., there is a mapping
such that x + 0 = x and x + (g 1 + g 2 ) = (x + g 1 ) + g 2 for all g 1 , g 2 ∈ Z n and x ∈ Γ, and if x = x + g for some x ∈ Γ and g ∈ Z n , then g = 0. Moreover, we assume that every mapping x → x + g sends vertices to vertices and edges to edges such that v + g and w + g are the endpoints of the image e + g of the edge e with endpoints v and w and that the lengths of e and e + g are equal (thus, the length function l is Z n -periodic). Then both the valency and the metric on Γ are invariant with respect to the action of Z n , that is val(v + g) = val(v) for every vertex v ∈ V and ρ(x + g, y + g) = ρ(x, y) for arbitrary points x, y ∈ Γ and every g ∈ Z n . Moreover, we assume that
If these conditions are satisfied, we call Γ a Z n -periodic metric graph. In what follows we also suppose that the fundamental domain Γ 0 := Γ/Z n of Γ with respect to the action of Z n is compact in the corresponding quotient topology (thus, the action of Z n on Γ is co-compact). Note that this property implies that Γ 0 contains only a finite number of vertices of Γ. For g ∈ Z n , we set Γ g := {y ∈ Γ : y ∈ Γ 0 + g}. Then Γ g 1 ∩ Γ g 2 = ∅ if g 1 = g 2 and Γ = ∪ g∈Z n Γ g . 
In what follows we suppose that the weight is periodic with respect to Z n , that is w •g = w for all g ∈ Z n (where we identify g with the mapping x → x+g). Under this condition, the spaces L p w (Γ) are invariant with respect to the action of
For g ∈ Z n , we let V g denote the operator of shift by g which acts on functions in L p w (Γ) as (V g u)(x) := u(x − g). Since w is Z n -periodic, the operators V g are isometries on L 
The operator U is an isometry with inverse
where χ 0 refers to the characteristic function of Γ 0 and χ g := V −1
We say that the operator A ∈ B(L p w (Γ)) belongs to the Wiener algebra W w (Γ) if
Then the mapping A → UAU −1 is an isometric isomorphism between the Wiener algebras W w (Γ) and W (Z n , X). Because operators in W (Z n , X) are bounded on
Simonenko's local principle
We will base our study of pseudodifferential operators on periodic graphs on Simonenko's local principle which we recall here briefly from [18] in a form which is convenient for our purposes; see also Section 2.5 in [16] . We start with some definitions. LetΓ denote the one-point compactification of the periodic metric graph Γ. For a measurable subset F ofΓ, let χ F denote its characteristic function. An operator A ∈ B(L p w (Γ)) is said to be of local type onΓ if, for arbitrary open sets F 1 , F 2 ⊂Γ with disjoint closures, the operator χ 
If p ∈ (1, ∞), one can show that A h is the limit operator of A with respect to h if and only if
strongly as m → ∞. We let Lim(A) denote the set of all limit operators of A, and we call an operator A rich if every sequence h ∈ H has a subsequence g such that the limit operator A g of A with respect to g exists. (Γ) and consider the operatorÃ = UAU −1 ∈ W (Z n , X). It is easy to see that if the limit operator of A with respect to h ∈ H exists, then the limit operator ofÃ with respect to h exists, too, and
is locally invertible at infinity if and only if the operatorÃ : l p (Z n , X) → l p (Z n , X) has this property. Hence, the assertion follows from Theorem 2.5.7 in [13] .
The following theorem is then an immediate consequence of Propositions 12 and 14. 
The Fredholm property of pseudodifferential operators on periodic graphs
Let Γ be a Z n -periodic metric graph and V and E the sets of its vertices and edges, respectively. As we agreed above, we identify every edge e = (v, w) with the directed segment [0, l(e)] with endpoints v, w and consider the distance between x ∈ e and v as the local coordinate of the point x.
Next we describe a class of operators on L p w (Γ) for which we will derive a Fredholm criterion below. First we have to specify the weight function. Let A1 For every open edge e of Γ, there is a symbol a e ∈ S 0 (R) such that ϕAψI = ϕOp(a e )ψI for all functions ϕ, ψ ∈ C ∞ 0 (e).
A2 Let v ∈ V and F v a small neighborhood of v, as specified above. Then there is a symbol a v ∈ E(val(v), I v ) such that ϕAψI = ϕop(a)ψI for all functions
A4 The operator A is of local type onΓ.
A5
The operator A is rich.
Assumptions A1 and A2 guarantee that A behaves as a (Fourier) ψdo along every edge and as a Mellin ψdo in a neighborhood of every vertex. Assumption A3 implies that A ∈ W w (Γ) and, hence, A is bounded on L Proof. It follows from Propositions 5 and 11 that condition (a) is necessary and sufficient for the local Fredholmness of A at the every point x ∈ Γ \ V, whereas condition (ii) is necessary and sufficient for the local Fredholmness at the every point v ∈ V, and condition (iii) is necessary and sufficient for the local Fredholmness (= local invertibility) at the point ∞. The assertion follows then from Theorem 15.
Corollary 17 Let A satisfy assumptions A1-A5 and conditions (a) and (b) in Theorem 16. Then
Applications

Singular integral operators
In this section, we let Γ be metric graph which is embedded into R 2 . Thus, the vertices of Γ are points, and the edges of Γ are line segments in the plane. We suppose that Γ is Z n -periodic with n ∈ {1, 2}. In the following definition of singular integral operators we have to divide by
This division is understood in the complex sense, i.e., as a (complex) division by (y 1 − x 1 ) + i(y 2 − x 2 ). Further we say that a function φ :
where e is an open edge of Γ, and if these partial derivatives can be continuously extended to the closureē × R 2 of e × R 2 . We consider singular integral operators of the form
where the integral is understood in the sense of the Cauchy principal value, lim ε→0 Γ∩{y:|y−x|<ε} φ(x, x − y)u(y) y − x dy, and the function φ ∈ C ∞ (Γ × R 2 ) owns the property that, for all α, N ∈ N 0 and β ∈ N 2 0 , there is a constant C αβN such that |∂
In order to show that S Γ,φ is a pseudodifferential operator on Γ in the sense of our previous definitions, we consider its restriction S Γ,φ,e to a single edge e of Γ. Identifying this edge with the interval {(t, 0) ∈ R 2 : t ∈ (0, l)}, we can write this restricted operator in the form
where ψ(t, τ ) := φ((t, 0), τ, 0) with t, τ ∈ (0, l). Hence, S Γ,φ,e can be identified with the restriction onto the interval (0, l) ⊂ R of the operator
We have to show that this operator is a (Fourier) ψdo in the class OP S 0 with main symbol sgn. This fact will follow from Proposition 18 below. We call the function
on R × R the symbol of the operator S R,φ . The main properties of this function are summarized in the following proposition.
Proposition 18
The function σ S R,φ satisfies (13) in place of φ, and
where the function q φ is such that
Proof. The estimates (13) follow from the identity
by integrating by parts, whereas (14) is a consequence of the asymptotic behavior of singular integral operators as ξ → ∞; see, for instance, page 112 in [3] .
Proposition 19
Assume that, for every v ∈ V, the weight w is such that w v = exp σ v ∈ R(I) where
Proof. First we prove that the operator
is (a multiple of) the standard singular integral operator and
y − x Note that the condition imposed on the weight implies the boundedness of S Γ 0 on L p w (Γ 0 ) (see, for instance, [1] , Section 4.5). Moreover, the hypotheses of the proposition guarantee that w ∈ L p (Γ 0 ) and w −1 ∈ L q (Γ 0 ) where
It is easy to see that the operators defined by
for all β sufficiently large. Moreover, there is a constant M > 0 such that
for all x, y ∈ Γ 0 and all sufficiently large β ∈ Z n . Hence, estimate (15) implies
for every N ∈ N and β ∈ Z n large enough, which finally yields
for all sufficiently large β, where we wrote
The Fredholm property of operators aI + bS Γ,φ
We suppose that the coefficients a, b of the operator A := aI + bS Γ,φ are bounded piecewise continuous functions on Γ which have only discontinuities of the first kind (i.e., jumps) and which are smooth on Γ \ V. More precisely, for ω ∈ V, let F ω be a sufficiently small neighborhood of ω such that
where the γ ω j are rays of the same length incident to the vertex ω. On F ω , we introduce a local system of coordinates such that exist for every vertex ω and every j ∈ {1, . . . , val(ω)}. In this case we writẽ
For ω ∈ V, we put ε k := 1 if ω is the starting point of the oriented edge e 
if j > k and we set, for (r, λ) ∈ (0, ε) × R,
where κ wω (r) := r dvω(r) dr for r ∈ (0, ε). We consider the operator A = aI + bS Γ,φ with coefficients a, b ∈ P C ∞ (Γ). Our goal is to define the symbol of A at every point of Γ and at the infinitely distant point ∞ in such a way that the invertibility of the symbol corresponds to the Fredholm property of A.
If ω ∈ V, then the symbol at ω is the function
whereã(ω),b(ω) andσ ω (S Γ ) are given by (16) and (17), respectively. If x ∈ Γ \ V, then the symbol at x is given by
The description of the symbol at ∞ is more involved. We will employ the limit operators of A for this goal. First we define the symbol of the operator of multiplication by a function f ∈ P C ∞ (Γ). We write the graph Γ as a countable union ∪ j∈N e j of edges. It is then a consequence of the Arzela-Ascoli theorem and a standard diagonal argument that every sequence h ∈ H has a subsequence g such that (f | e j )(x + g(m)) → f Hence f g I is the limit operator of f I with respect to g. Moreover, we obtained that f I is a rich operator.
The limit operators of f I are of a particularly simple form if f is slowly oscillating at infinity. This class of functions is defined as follows. Let f ∈ L ∞ (Γ). We represent f in the form f (x) = f (y + α) =: f y (α), y ∈ Γ 0 , α ∈ Z n , with Γ 0 again referring to the fundamental domain of Γ, and we call f slowly oscillating at infinity if 
We denote the class of all functions which are slowly oscillating at infinity by SO(Γ). If f ∈ SO(Γ), then it follows from (18) that all limit operators f h I of f I are operators of multiplication by a Z n -periodic function f h , that is V β f h = f h for every β ∈ Z n . We consider the operator A = aI + bS Γ,φ under the assumptions that a, b ∈ P C ∞ (Γ)∩SO(Γ) and φ ∈ C ∞ (Γ×R 2 ), and we suppose that the function (x, z) → φ(x, z) is slowly oscillating with respect to x ∈ Γ uniformly with respect to z on compacts subsets of R 2 . Under these conditions, the operator A is rich, and all limit operators of A are of the form uniformly on compact subsets of Γ × R 2 . Since φ is slowly oscillating with respect to the first variable, the function Γ × R 2 ∋ (x, z) → φ h (x, z) is periodic with respect to the shifts V α with α ∈ Z n . Consequently, the operator S h Γ,φ is invariant with respect to these shifts.
Note that the operatorÃ h := UA h U −1 is of the form Note that condition (b) is equivalent to the invertibility of the operator µ A g (τ ) on L p (Γ 0 ) for every τ ∈ T n . Proof. Since T is locally compact, the operator A is locally Fredholm at the point x ∈ Γ if and only if it satisfies condition (a). Condition (b) is necessary and sufficient for the local invertibility of A at the point ∞. Hence Theorem 21 follows from Simonenko's local principle (Proposition 12).
